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Abstract. We present the consistent theory of a free massive spin-2 field with 5
degrees of freedom propagating in spacetimes with an arbitrary geometry. We obtain
this theory via linearizing the equations of the ghost-free massive gravity expressed
in the tetrad formalism. The theory is parameterized by a non-symmetric rank-2
tensor whose 16 components fulfill 11 constraints implied by the equations. When
restricted to Einstein spaces, the theory reproduces the standard description of massive
gravitons. In generic spacetimes, the theory does not show the massless limit and
always propagates five degrees of freedom, even for the vanishing mass parameter. We
illustrate these features by an explicit calculation for a homogeneous and isotropic
cosmological background. It turns out that the spin-2 particles are always stable if
they are sufficiently massive, hence they may be a part of the Dark Mater.
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1 Introduction
Equations of massive fields of spin 0, 1/2, 1, 3/2 in Minkowski space (the Klein-Gordon,
Dirac, Proca, Rarita-Schwinger) directly generalize to curved space, but for the massive
spin-2 field this does not work. The Fierz-Pauli (FP) theory of massive gravitons [1]
generalises to curved space only for special spacetimes: Einstein spaces, whose Ricci
tensor is proportional to the metric, Rµν = Λgµν [2–4]. In an arbitrary spacetime the
theory shows six instead of five dynamical graviton polarizations, the extra polarization
state being ghost-type. This feature was for a longtime thought to be inevitable [5],
hence all applications of the massive spin-2 field have been limited only to Einstein
spaces.
Quite recently, a consistent theory of a free massive spin-2 field has nevertheless
been constructed [6–8] by applying the methods of the dRGT ghost-free massive gravity
theory [9]1. The dRGT theory propagates 5 polarizations at the non-linear level and
contains the physical metric gµν and a reference metric fµν . The procedure of [6–8]
was to linearize the dRGT field equations with respect to the perturbations δgµν ≡ hµν
and then replace in the obtained linear equations the reference metric fµν by the
expression obtained by resolving the background non-linear equations with respect to
fµν . This yields linear equations for the symmetric tensor hµν and the coefficients in
these equations are determined only by the background metric gµν . For any background
these equations imply 5 constraints reducing the number of propagating degrees of
freedom (DoF) to 5 = 10− 5 [6–8].
Unfortunately, the mass term for hµν obtained in [6–8] is rather complicated and
even the very demonstration of the existence of the scalar constraint removing the
sixth polarization requires tedious calculations. This can be traced to the following
fact. The dRGT mass term [9] is expressed in terms of the tensor γµν defined by the
conditions
γµσγ
σ
ν = g
µσfσν . (1.1)
Linearizing this with respect to δgµν yields
δγµσγ
σ
ν + γ
µ
σδγ
σ
ν = δg
µσfσν , (1.2)
which can be viewed as the so-called Sylvestre matrix equation determining δγµσ in
terms of δgµν . Its solution exists (generically) but is rather involved, which is why the
mass term in the resulting equations has a very complicated structure [6–8].
One may think that the situation can be improved by choosing δγµσ as funda-
mental variables describing the perturbations and then to use (1.2) to express δgµν in
terms of δγµσ. However, the kinetic term of the resulting equations turns out to be
very complicated in this case. Therefore, a different approach is needed.
In what follows, we reconsider the procedure of [6–8] within the tetrad formulation
of the dRGT theory2 [11, 12] instead of the metric formulation considered in [6–8].
1dRGT – after the names of the authors of [9].
2The linearization of the tetrad version of the dRGT theory within the Palatini approach was
considered in [10].
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Within the tetrad formulation, the two metrics of the dRGT theory are decomposed
with respect to tetrads eaµ and φ
a
µ (see Eq.(2.1) below) and one has
γµν = e
µ
a φ
a
ν . (1.3)
The idea is to linearize the dRGT equations with respect to perturbations of the
physical tetrad δeaµ. Eq.(1.3) then yields a very simple expression for δγ
µ
ν in terms of
δeaµ, which leads in the end to a simple form of the resulting linear equations for δe
a
µ.
These equations can be reformulated entirely in terms of the non-symmetric tensor
Xµν = ηab e
a
µδe
b
ν (1.4)
which is related to the symmetric tensor used in [6–8] via hµν = Xµν +Xνµ.
After having derived the equations for Xµν , we can completely forget their tetrad
origin and use only the standard tensor language. As a result, we obtain linear equa-
tions for a non-symmetric tensor field Xµν propagating in a spacetime with the metric
gµν . We use these equations to describe the massive spin-2 field. At first glance, using
non-symmetric tensors may seem odd. However, our equations turn out to be quite
simple and they immediately imply 11 contraints, hence among 16 components Xµν
there are only 5 = 16−11 independent ones. This matches the number of polarizations
of massive spin-2 particles. In particular, the absence of the sixth polarization is easy
to see in our theory.
The consistency of the linearization procedure requires that the background dRGT
equations should be fulfilled as well, which can be achieved by adjusting the reference
metric, hence fµν becomes a function of gµν . This gives a consistent theory of the
massive spin-2 field for any gµν . The theory is not unique since the background dRGT
equations, viewed as algebraic equations for fµν , may have several solutions for a given
gµν . This determines several possible mass terms, hence several different theories. In
general, the mass term depends non-linearly on the background Ricci tensor Rµν , but
there exist special cases in which this dependence is linear. This corresponds to two
special theories, called below models I and II.
Summarizing, we shall present in what follows a consistent theory for a free mas-
sive spin-2 field in an arbitrary spacetime expressed in terms of a non-symmetric tensor
Xµν . Our theory turns out to be simpler than the one of [6–8] expressed in terms of
hµν = Xµν + Xνµ. Our theory and the one of [6–8] are presumably equivalent since
they are both obtained in a similar way from the dRGT theory, but the equivalence
is not manifest since it is difficult to perform the inverse transformation to express
Xµν in terms of hµν . It would probably be correct to say that the two theories should
be equivalent generically, up to exceptional cases where the inverse transformation
from hµν to Xµν degenerates. This corresponds to the fact that the metric and tetrad
formulations of the dRGT theory are equivalent generically, but the equivalence may
be lost for exceptional parameter values comprising a zero measure set in the whole
parameter space [13].
Although one may view our spin-2 particles as massive gravitons, we rather prefer
associate gravitons with the quanta of the background metric gµν . In fact, after having
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derived its equations, we may totally forget about its relation to gravity and consider
the Xµν field as describing spin-2 massive “mesons” propagating in a curved spacetime.
Depending on our choice, this field may or may not interact with other matter fields,
although its always interacts with the background gravity. Our primary goal was to
construct the consistent mathematical description for this field, while its interpretation
and possible physical applications may be different.
The rest of this text is organized as follow. In Sections II and III we present
the equations of the dRGT massive gravity in the tetrad formalism and describe their
linearization with respect to the tetrad perturbations. The tetrads appear in the co-
efficients of the resulting linear equations, but they can be eliminated by using the
background field equations. As a result, after having used them as the technical tool,
we can get rid of the tetrads altogether and consider the theory of a non-symmetric
tensor field Xµν propagating in a curved spacetime. Section IV contains the analysis
of constraints implied by the equations for Xµν and shows that there are only 5 prop-
agating DoF. Section V presents two simple versions of the theory, called model I and
model II, for which the mass term is linear in Rµν . Sections VI and VII show how these
two models behave in Einstein spaces and in the spatially flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) universe. In the latter case the massive spin-2 particles
are found to be stable, at least at late times, hence they could potentially contribute
to the Dark Matter. The backreaction of the massive spin-2 field on the background
geometry is discussed in Section VIII, while Section IX contains a brief summary of
results. Many technical details are explained in the five Appendices.
A short version of this text can be found in [14].
2 The dRGT massive gravity
The dRGT theory [9] is expressed in terms of the dynamical spacetime metric gµν and
a non-dynamical reference metric fµν . The latter can be arbitrary, for example flat,
but it is convenient for our purposes not to specify it for the time being.
The two metrics can be decomposed with respect to two tetrads eaµ and φ
a
µ as
gµν = ηab e
a
µe
b
ν , fµν = ηab φ
a
µφ
b
ν , (2.1)
where ηab = diag[−1, 1, 1, 1]. The inverse metrics are
gµν = ηab e µa e
ν
b , f
µν = ηab φ µa φ
ν
b , (2.2)
where
eaµe
µ
b = δ
a
b , e
a
µe
ν
a = δ
ν
µ, φ
a
µφ
µ
b = δ
a
b , φ
a
µφ
ν
a = δ
ν
µ. (2.3)
One denotes
|eaµ| ≡ e =
√−g, |φaµ| ≡ φ =
√
−f. (2.4)
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The action of the theory is
SdRGT = M
2
Pl
∫ (
1
2
R(g)
√−g − U
)
d4x ≡M2Pl
∫
LdRGT d
4x , (2.5)
where MPl is the Planck mass and the potential is U = U0 + U1 + U2 + U3 with
U0 = β0
1
4!
abcd 
µναβeaµe
b
νe
c
αe
d
β ,
U1 = β1
1
3!
abcd 
µναβeaµe
b
νe
c
αφ
d
β ,
U2 = β2
1
2!2!
abcd 
µναβeaµe
b
νφ
c
αφ
d
β ,
U3 = β3
1
3!
abcd 
µναβeaµφ
b
νφ
c
αφ
d
β . (2.6)
Here βA are parameters with the dimension (mass)
2; we assume 0123 = 
0123 = +1.
Let us vary the action with respect to the tetrad eaµ. One has
δgµν ≡ hµν = δeaµ eaν + eaµ δeaν (2.7)
hence
δ
(
1
2
R(g)
√−g
)
=
1
2
Gµνδg
µν
√−g = −1
2
Gµνδgµν
√−g = −eG µa δ eaµ (2.8)
where G µa = e
σ
a G
µ
σ . To vary the potential U one uses the relations
1
4!
abcd
µναβeaµe
b
νe
c
αe
d
β = e ,
1
3!
abcd
µναβebνe
c
αe
d
β = e e
µ
a ,
1
2!
abcd
µναβecαe
d
β = e (e
µ
a e
ν
b − e νa e µb ) .
This yields, for example,
δU0 = β0
1
3!
abcd
µναβδeaµ e
b
νe
c
αe
d
β = β0 e e
µ
a δe
a
µ (2.9)
and similarly for the other δUA. As a result, one obtains
δLdRGT = −eE µa δeaµ = −eEab ebµδeaµ (2.10)
where
Eab ≡ Gab + Mab (2.11)
with Gab = e
µ
a e
ν
b Gµν and
Mab = M
(0)
ab + M
(1)
ab + M
(2)
ab + M
(3)
ab (2.12)
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with
M
(0)
ab = β0 ηab,
M
(1)
ab = β1([γ] ηab − γab),
M
(2)
ab = β2 |γ|
(
[Γ] Γab − (Γ2)ab
)
,
M
(3)
ab = β3 |γ|Γab. (2.13)
Here we introduced the mutually inverse matrices
γab = φ
a
σe
σ
b , Γ
a
b = e
a
σφ
σ
b , γ
a
bΓ
b
c = δ
a
c , (2.14)
and denoted the determinant and trace3 as
|γ| ≡ det(γab) =
φ
e
, [γ] ≡ γaa . (2.15)
The matrix indices are moved by ηab, for example Γab = ηacΓ
c
b and (Γ
2)ab = ΓacΓ
c
b.
Vanishing of the variation of the action gives the dRGT field equations,
Eab ≡ Gab + Mab = 0, (2.16)
or explicitly
Gab + β0 ηab + β1([γ] ηab − γab) + β2 |γ|
(
[Γ] Γab − (Γ2)ab
)
+ β3 |γ|Γab = 0. (2.17)
Taking their antisymmetric part yields
β1 γ[ab] = (β2 + β3)|γ|Γ[ab] − β2|γ|(Γ2)[ab]. (2.18)
Since the matrices γab and Γab are position-dependent, these conditions can be fulfilled
in the generic case if only γ[ab] = 0 and Γ[ab] = 0. Therefore, matrices γab and Γab are
symmetric,
γab = γba, Γab = Γba. (2.19)
Exceptionally, for special values of the parameters βA, there could be special solutions
of the equations for which γ[ab] 6= 0 and Γ[ab] 6= 0 but the conditions (2.18) are still
fulfilled4. However, such cases are very special [13] while for generic solutions of the
equations the matrices γab and Γab are symmetric, which we shall always assume in
what follows.
3Later we shall sometimes use the hat for matrices, for example γˆ = γab, but we shall not always
write the hat under the trace sign, hence [γˆ] ≡ [γ] = γaa.
4If γ[ab] 6= 0 then the metric and tetrad formulations of the dRGT theory are not equivalent.
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3 Equations for perturbations
Let eaµ be a solution of Eab = 0 and consider a perturbed configuration e
a
µ → eaµ+δeaµ.
Assuming that the latter also fulfills the equations and expanding Eab in terms of δe
a
µ
yields
0 = Eab =
(0)
Eab +
(1)
Eab + . . . (3.1)
where
(0)
Eab,
(1)
Eab and the dots denote, respectively, terms which are zeroth order, first
order, and higher order in δeaµ. The zeroth order term vanishes since, by assumption,
eaµ fulfills the equations, hence
(0)
Eab = 0. Therefore, neglecting the higher order terms,
the equations reduce to
(1)
Eab ≡ δEab = 0. (3.2)
To compute δEab one represents the tetrad perturbation as
δeaµ = X
a
b e
b
µ. (3.3)
It follows that
Xab = e
µ
b δe
a
µ (3.4)
hence the 16 coefficients Xab are the tetrad perturbations projected on the unperturbed
tetrad. The symmetric part of Xab = ηacX
c
b determines perturbations of the metric,
e µa e
µ
b δgµν ≡ hab = Xab +Xba. (3.5)
It follows also that
δe µa = −Xma e µm , δ|γ| = −[X] |γ| ,
δγab = −γamXmb , δΓab = XamΓmb , (3.6)
where [X] = Xaa. As a result, the perturbation equations read
δEab ≡ δGab + δMab = 0, (3.7)
where δGab are perturbations of the tetrad projections of the Einstein tensor and
δMab = δM
(1)
ab + δM
(2)
ab + δM
(3)
ab , (3.8)
where δM
(A)
ab are obtained by perturbing the M
(A)
ab in (2.13):
δM
(1)
ab = β1 (γamX
m
b − ηab γmnXmn) ,
δM
(2)
ab = β2 |γ| {((Γ2)ab − [Γ]Γab)[X] + Γab ΓmnXmn
+[Γ]Xan Γ
n
b −Xan(Γ2)n b − ΓamXmn Γn b} ,
δM
(3)
ab = β3 |γ| (XamΓmb − [X]Γab) , (3.9)
– 7 –
whereas δM
(0)
ab = 0.
We shall later need M
(2)
ab and δM
(2)
ab and also M
(3)
ab and δM
(3)
ab expressed entirely
in terms of γab instead of Γab. Such expressions can be obtained by applying the
Hamilton-Cayley relation valid for any 4× 4 matrix Aˆ:
e0(Aˆ) Aˆ4 − e1(Aˆ) Aˆ3 + e2(Aˆ) Aˆ2 − e3(Aˆ) Aˆ+ e4(Aˆ) = 0, (3.10)
where e0(Aˆ) = 1 while the other coefficients are the symmetric polynomials of the
eigenvalues λa of Aˆ,
e1(Aˆ) = [Aˆ] =
∑
a
λa, e2(Aˆ) =
1
2
([Aˆ]2 − [Aˆ2]) =
∑
a<b
λbλb, (3.11)
e3(Aˆ) =
1
6
([Aˆ]3 − 3[Aˆ][Aˆ2] + 2[Aˆ3]) =
∑
a<b<c
λbλbλc, e4(Aˆ) = det(Aˆ) = λ1λ2λ3λ4.
One has
ek(Aˆ)
e4(Aˆ)
= e4−k(Aˆ−1), k = 0, 1, 2, 3, 4. (3.12)
Multiplying Eq.(3.10) by Aˆ−2/e4(Aˆ) yields
1
e4(Aˆ)
([Aˆ]Aˆ− Aˆ2) = e2(Aˆ)
e4(Aˆ)
− e3(Aˆ)
e4(Aˆ)
Aˆ−1 + Aˆ−2 (3.13)
and hence
e4(Aˆ
−1)([Aˆ]Aˆ− Aˆ2) = e2(Aˆ−1)− e1(Aˆ−1) Aˆ−1 + Aˆ−2. (3.14)
Applying this to Aˆ = Γab and Aˆ
−1 = γab allows one to express M
(2)
ab in (2.13) as
1
β2
M
(2)
ab = |γ|([Γ]Γab − (Γ2)ab)
= (γ2)ab − [γ]γab + 1
2
([γ]2 − [γ2]) ηab . (3.15)
Varying the expression in the second line here yields
1
β2
δM
(2)
ab = − γmaγnbXmn − (γ2)maXmb
+ γab γmnX
mn + [γ] γmaXmb
+ ((γ2)mnX
mn − [γ] γmnXmn) ηab. (3.16)
Similar manipulations with the Hamilton-Cayley relation yield
1
β3
M
(3)
ab = |γ|Γab = −(γ3)ab + e1(γˆ) (γ2)ab − e2(γˆ) γab + e3(γˆ) ηab , (3.17)
which determines also the coefficients in δM
(3)
ab in (3.9).
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3.1 Eliminating the tetrads
Summurizing the above discussion, the equations for the tetrad perturbations are given
by (3.7)–(3.9). They have been obtained within the tetrad formalism and they are
expressed in terms of tetrad projections. However, after having obtained these equa-
tions, we can now eliminate the tetrads altogether from their coefficients and pass to
the standard tensorial description. The first step is to transform the equations to
Eµν ≡ eaµebµ(δGab + δMab) ≡ ∆µν +Mµν = 0. (3.18)
The kinetic term here is
∆µν ≡ eaµebµ δGab = eaµebµ δ(Gρσe ρa e σb )
= eaµe
b
µ (e
ρ
a e
σ
b δGρσ +Gρσe
σ
b δe
ρ
a +Gρσe
ρ
a δe
σ
b )
= eaµe
b
µ (e
ρ
a e
σ
b δGρσ −GmbXma −GamXmb)
= δGµν −GµσXσν −GνσXσµ , (3.19)
where
Xµν ≡ Xab e µa ebν = e µa δeaν . (3.20)
The variation of the Einstein tensor δGµν in terms of hµν = δgµν is well known,
2 δGµν = ∇σ∇µhνσ +∇σ∇νhµσ −2hµν −∇µ∇νhαα
+gµν(2h
α
α −∇α∇βhαβ +Rαβhαβ)−Rhµν , (3.21)
where ∇µ is the usual covariant derivative with respect to the Christoffel connection.
At the same time, one has
hµν = e
a
µe
b
ν(Xab +Xba) = Xµν +Xνµ (3.22)
where
Xµν = gµσX
σ
ν = ηab e
a
µ δe
b
ν . (3.23)
Inserting everything to (3.19) yields the kinetic operator in the form not containing
any reference to the tetrads,
∆µν =
1
2
∇σ∇µ(Xσν +Xνσ) + 1
2
∇σ∇ν(Xσµ +Xµσ)
− 1
2
2(Xµν +Xνµ)−∇µ∇ν [X]
+ gµν
(
2[X]−∇α∇βXαβ +RαβXαβ
)
− RσµXσν −RσνXσµ , (3.24)
with [X] = Xαα.
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Next, the mass term is
Mµν = eaµebνδMab = eaµebν (δM(1)ab + δM(2)ab + δM(3)ab )
≡ M(1)µν +M(2)µν +M(3)µν (3.25)
where, using (3.9) and (3.16),
M(1)µν = β1
(
γσµXσν − gµν γαβXαβ
)
,
M(2)µν = β2 {−γαµγβν Xαβ − (γ2)αµXαν + γµν γαβXαβ
+[γ] γαβXαν + ((γ
2)αβX
αβ − [γ] γαβXαβ) gµν} ,
M(3)µν = β3 |γ| (XµσΓσν − [X]Γµν) . (3.26)
Using Eq.(3.29) below, M(3)µν can be expressed entirely in terms of γµν , but we shall
rather need it expressed in terms of Γµν .
The coefficients in (3.26) still depend on the tetrads via combinations
γµν = e
µ
a φ
a
ν , |γ| = det(γµν) = e4(γµν),
γµν = gµσγ
σ
ν , Γ
µ
ν = φ
µ
a e
a
ν , Γµν = gµσΓ
σ
ν . (3.27)
Now, the crucial point is that these quantities can be obtained from the background
equations. Let us remember that we are expanding the field equations as expressed by
(3.1) and that the zeroth order term in this expansion should vanish for the procedure to
be consistent. Hence the background equations should be fulfilled. We also remember
that up to now γµν and Γµν have essentially remained undetermined since the tetrad
φ µa has never been specified. On the other hand, the background dRGT equations
(2.17) read
Eµν ≡ Gµν + β0 gµν + β1([γ] gµν − γµν) + β2 |γ|
(
[Γ] Γµν − (Γ2)µν
)
+ β3 |γ|Γµν = 0,(3.28)
and these can be viewed as algebraic conditions determining γµν and Γµν in terms of
the background metric gµν and its Einstein tensor Gµν . The idea therefore is to fulfill
the background equations not by solving them for gµν but by adjusting γµν , Γµν for a
given gµν .
These equations can also be represented as follows. The identities (3.15) and
(3.17) yield
|γ| ([Γ] Γµν − (Γ2)µν) = (γ)2µν − e1(γˆ) γµν + e2(γˆ) gµν ,
|γ|Γµν = −(γ3)µν + e1(γˆ) (γ2)µν − e2(γˆ) γµν + e3(γˆ) gµν , (3.29)
where eA(γˆ) ≡ eA(γµν). In view of this, (3.28) can be represented in the form containing
only γµν ,
Eµν ≡ Gµν + β0 gµν + β1(e1(γˆ) gµν − γµν) + β2
(
(γ2)µν − e1(γˆ)γµν + e2(γˆ)gµν
)
+ β3
(−(γ3)µν + e1(γˆ)(γ2)µν − e2(γˆ)γµν + e3(γˆ)gµν) = 0. (3.30)
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For any value of the background metric gµν , these can be viewed as cubic algebraic
equations for γµν . Therefore, there can generically be up to three different real solutions
for γµν . Since apart from γµν equations (3.30) contain only gµν and Rµν , the solutions
should be expressed solely in terms of powers of the latter, hence they should have the
structure
γµν = y0 gµν + y1Rµν + y2 (R
2)µν + y3 (R
3)µν . (3.31)
Injecting this to (3.30), eliminating the higher powers of Rµν with the Hamilton-Cayley
relation (3.10), and then setting to zero the coefficients in front of gµν , Rµν , (R
2)µν ,
(R3)µν , yields a system of cubic algebraic equations for the coefficients ym (see Ap-
pendix A). These equations will also contain the parameters βA and the invariants
(3.11) of the Ricci tensor ek(R
µ
ν), hence their solution will be
ym = ym(βA, ek(R
µ
ν), n); m = 0, 1, 2, 3. (3.32)
Here the index n = 1, 2, 3 counts different solutions (some of them can be complex-
valued and should be rejected). Injecting everything to (3.25) yields the mass term
Mµν with the similar to (3.31) structure, with Bm = Bm(βA, ek(Rµν)):
Mµν = B0 gµν +B1Rµν +B2 (R2)µν +B3 (R3)µν . (3.33)
Summarizing the above discussion, the background non-linear dRGT equations
are now fulfilled for arbitrary background geometry gµν , at the expense of adjusting
the reference metric. The linear perturbations of the background are described by
equations
Eµν ≡ ∆µν +Mµν = 0. (3.34)
Here the kinetic term ∆µν is given by (3.24) while the mass term Mµν is obtained by
algebraically resolving (3.28),(3.30) with respect to γµν and Γµν and injecting them
into (3.25), with the result of the form (3.33). The resulting mass term will depend on
parameters βA, in addition, there could be several different mass terms corresponding
to different solutions (3.32). Each mass term defines its own theory of the massive
spin-2 field.
No trace of the tetrads is left: equations (3.34) describe the tensor field Xµν
evolving in the spacetime and their coefficients depend only on gµν and Rµν . We shall
now see that these equations propagate the correct number of degrees of freedom.
4 Constraints
There are 16 components of Xµν subject to 16 equations Eµν = 0. The essential point
is that the equations imply 11 constraints which reduce the number of independent
component of Xµν to 5.
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4.1 Algebraic constraints
As the operator ∆µν is symmetric with respect to µ ↔ ν, the antisymmetric part of
the equations E[µν] = 0 yields 6 algebraic conditions M[µν] = 0, hence
Mµν =Mνµ. (4.1)
These conditions actually follow from the symmetry of γµν and Γµν . Indeed, since these
matrices are always symmetric, their perturbations should be symmetric as well,
δγµν = δγνµ, δΓµν = δΓνµ, (4.2)
and using (3.6) this translates to
γσµXσν = γ
σ
νXσµ , (4.3)
XµσΓ
σ
ν = XνσΓ
σ
µ , (4.4)
which implies (4.1). It is worth noting that there are only 6 independent conditions
here, since (4.3) and (4.4) follow from each other. For example, conditions (4.3) are
fulfilled by setting
Xµν = Γ
σ
µSσν with Sσν = Sνσ (4.5)
and then conditions (4.4) are fulfilled automatically.
The latter representation suggests that Sµν could be used as the variables instead
of Xµν . However, the kinetic term ∆µν becomes very complicated when expressed in
terms of Sµν . The same happens if one uses δγµν as the variables5. The kinetic term
remains simple if one uses hµν = Xµν +Xνµ to parametrize the theory – the choice of
[6–8]. However, the mass term Mµν then becomes extremely complicated [6–8]. We
therefore prefer using as variables the 16 components of Xµν subject to 6 conditions
(4.3), since both the kinetic and mass terms are then relatively simple.
Additional constrains on Xµν are obtained by differentiating the equations.
4.2 Vector constraints
These are
Cν ≡ ∇µEµν = ∇µ(∆µν +Mµν) = 0. (4.6)
Using the formulas for commutators of covariant derivatives,
(∇µ∇ν −∇ν∇µ)Xαβ = RσανµXσβ +RσβνµXασ , (4.7)
a direct calculation yields the following result for the divergence of ∆µν defined by
(3.24):
∇µ∆µν = Gβν(∇αXαβ −∇βX)
+ Gαβ(∇νXαβ −∇αXβν)
+ Xαβ∇αGβν . (4.8)
5This option was adopted in [15], but the consistency of the analysis in that paper was questioned
in [7].
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Using the background field equations (2.16), the Einstein tensor is
Gµν = −M(0)µν −M(1)µν −M(2)µν −M(3)µν (4.9)
where M
(A)
µν = eaµe
b
νM
(A)
ab with M
(A)
ab given by (2.13). Inserting this to (4.8) and (4.6)
yields
Cν = C(1)ν + C(2)ν + C(3)ν (4.10)
with (A = 1, 2, 3)
C(A)ν = − M(A)βν (∇αXαβ −∇βX)
− M(A)αβ (∇νXαβ −∇αXβν)
− Xαβ∇αM(A)βν
+ ∇µM(A)µν . (4.11)
These quantities contain only the tensor Xµν and its first derivatives. Let us compute
them explicitly.
4.2.1 β1-sector
One has
M(1)µν = β1([γ] gµν − γµν), M(1)µν = β1
(
γµσX
σ
ν − ηµν γαβXαβ
)
, (4.12)
inserting which to (4.11) and defining
I(1)ν = (∇αγβν −∇νγαβ)Xαβ + (∇σγασ −∇α[γ])Xαν (4.13)
yields
1
β1
C(1)ν = γνβ (∇αXαβ −∇βX) + I(1)ν . (4.14)
4.2.2 β2-sector
Introducing
Qµν = (γ
2)µν − [γ]γµν (4.15)
one has
1
β2
M(2)µν = Qµν −
1
2
[Q] gµν ,
1
β2
M(2)µν = HαβµνXαβ , (4.16)
with
Hαβµν = −γαµγβν + γµν γαβ −Qαµδβν +Qαβgµν . (4.17)
Injecting to (4.11) and defining
I(2)ν =
(
∇µHαβµν −∇α(Qβν −
1
2
[Q]δβν)
)
Xαβ (4.18)
yields
1
β2
C(2)ν = Qνβ (∇βX −∇αXαβ) + γβνγασ(∇βXασ −∇σXαβ) + I(2)ν . (4.19)
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4.2.3 β3-sector
One has
1
β3
M(3)µν = |γ|Γµν ,
1
β3
M(3)µν = |γ| (XµαΓαν −XΓµν) . (4.20)
Injecting to (4.11) and defining
I(3)ν = −X∇α(|γ|Γαν) . (4.21)
yields
1
β3
C(3)ν = |γ|Γαβ(∇αXβν −∇νXαβ) + I(3)ν . (4.22)
4.2.4 Vector constraints and the massless limit
Adding up the quantities C(A)ν in (4.14),(4.19),(4.22) yields
0 = Cν ≡ ∇µEµν = C(1)ν + C(2)ν + C(3)ν
= β1 γ
β
ν (∇αXαβ −∇βX)
+ β2 γ
β
ν { (γσβ − [γ]δσβ)(∇σX −∇αXασ) + γασ(∇βXασ −∇σXαβ) }
+ β3 |γ|Γαβ(∇αXβν −∇νXαβ))
+ β1
{
(∇αγβν −∇νγαβ)Xαβ + (∇σγασ −∇α[γ])Xαν
}
+ β2
(
∇µHαβµν −∇α(Qβν −
1
2
[Q]δβν)
)
Xαβ
− β3X∇α(|γ|Γαν) . (4.23)
These quantities vanish on-shell, where Eµν = 0, which yields 4 relations between Xαβ
and ∇σXαβ, hence 4 constraints for the initial data. Together with the 6 algebraic
constraints (4.3), this reduces the number of DoF contained in Xαβ to 16− 6− 4 = 6.
It is also possible that Cν may vanish off-shell, for any Xµν . One has
Cν = 2Aαβσν ∇σXαβ + Bαβν Xαβ (4.24)
with
Aαβσν = β1gα[σγβ]ν + β2
(
gα[βQσ]ν + γ
α[βγσ]ν
)
+ β3|γ|δ[βν Γσ]α,
Bαβν = β1
[∇αγβν −∇νγαβ + δβν (∇σγασ −∇α[γ])]
+ β2
[∇µHαβµν −∇α(Qβν − 12[Q]δβν )]− β3 gαβ∇σ(|γ|Γσν), (4.25)
hence Cν will vanish identically if the background is such that Aαβσν = 0 and Bαβν = 0.
The constraints Cν generate in this case gauge transformations and one should count
them twice. As a result, the number of degrees of freedom reduces to 6− 4 = 2, which
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corresponds to two polarizations of massless spin-2 particles. Therefore, the conditions
Aαβσν = 0 and Bαβν = 0 describe the massless limit of the theory.
However, unless for β1 = β2 = β3, the massless limit is possible only for special
backgrounds. It seems that for generic βA the conditions Aαβσν = 0 and Bαβν = 0 hold
if only γµν = 0, in which case the background Einstein equations (3.30) reduce to
Gµν + β0 gµν = 0, (4.26)
hence the background is an Einstein space. Therefore, the massive spin-2 field can
become massless only in Einstein spaces. For any other background it always carries
5 (as we shall now see) degrees of freedom.
4.3 Scalar constraint
Let us return to the quantities C(A)ν computed in (4.14),(4.19),(4.22) and differentiate
them.
4.3.1 β1-sector
We notice that the part of C(1)ν containing the derivatives of Xµν is proportional to the
matrix γνβ (see (4.14)). Therefore, multiplying by the inverse matrix Γ
σν and acting
with ∇σ yields
1
β1
∇σ(ΓσνC(1)ν ) = ∇σ∇αXασ −2X +∇σ(ΓσνI(1)ν ), (4.27)
where ∇σ∇αXασ = ∇α∇σXασ. On the other hand, taking the trace of the equations
gives
1
2
Eµµ = 2X −∇α∇βXαβ +RαβXαβ +
1
2
Mµµ. (4.28)
Therefore, the combination
C(1)5 ≡ ∇σ(ΓσνC(1)ν ) +
β1
2
Eµµ = β1
(
∇σ(ΓσνI(1)ν ) +RαβXαβ +
1
2
Mµµ
)
(4.29)
does not contain second derivatives of Xµν .
4.3.2 β2-sector
The part of C(2)ν containing the derivatives of Xµν in (4.19) is also proportional to the
matrix γνβ. This yields
1
β2
∇µ(ΓµνC(2)ν ) = ∇µ
{
(γµβ − γδµβ)(∇βX −∇αXαβ) + γασ(∇µXασ −∇σX µα )
}
+ ∇µ(ΓµνI(2)ν ) (4.30)
= D + J (2) (4.31)
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with
D = (γαβ2+ γ∇α∇β)Xαβ + (γαβ∇α∇β − γ2)X − γµν∇µ∇σ(Xσν +X σν )
J (2) = (∇βX −∇αXαβ)∇µ(γµβ − γδµβ) + (∇µXασ −∇σX µα )∇µγασ
+ ∇µ(ΓµνI(2)ν ) + (Rναµσγασ −Rανγµα)Xµν . (4.32)
On the other hand, one has
γµν∆µν = −D + γRαβXαβ − 2γµνRσµXσν . (4.33)
As a result, the sum
C(2)5 ≡ ∇σ(ΓσνC(2)ν ) + β2γµνEµν (4.34)
= β2
(
J (2) + γRαβXαβ − 2γµνRσµXσν + γµνMµν
)
does not contain second derivatives of Xµν .
4.3.3 β3-sector
Using (4.22) yields
1
β3
ΓµνC(3)ν = |γ|(ΓµβΓνα − ΓµνΓαβ)∇νXαβ −XΓµν∇α(|γ|Γαν) (4.35)
hence
1
β3
∇µ(ΓµνC(3)ν ) = |γ|(ΓµβΓνα − ΓµνΓαβ)∇µ∇νXαβ + J (3) (4.36)
with
J (3) = ∇νXαβ∇µ
{|γ|(ΓµβΓνα − ΓµνΓαβ)}−∇µ {XΓµν∇α(|γ|Γαν)} . (4.37)
Now, the right hand side in (4.36) does contain the second derivatives of Xµν , but the
second time derivatives are contained only in
|γ|(Γ0αΓ0β − Γ00Γαβ) X¨αβ = |γ|(Γ0iΓ0k − Γ00Γik) X¨ik . (4.38)
The second derivatives X¨ik can be expressed from the field equations. The definition
of ∆µν in (3.24) implies that
∆ik = −g00X¨(ik) + gik g00 hnmX¨nm + . . . (4.39)
where hik = gik − g0ig0k/g00 is the inverse of gik and the dots denote terms not con-
taining X¨µν . Inverting this relation yields
X¨(ik) =
1
g00
(
1
2
gik h
nm∆nm −∆ik
)
+ . . .
=
1
g00
(
1
2
gik h
nmEnm − Eik
)
+ . . . (4.40)
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Therefore, the combination
|γ|
g00
(Γ0iΓ0k − Γ00Γik)
(
1
2
gik h
nmEnm − Eik
)
(4.41)
=
|γ|
g00
(Γ0αΓ0β − Γ00Γαβ)
(
1
2
gαβ h
nmEnm − Eαβ
)
has precisely the same second time derivatives as (4.38). Noting finally that
hnmEnm =
1
g00
(g00gmn − g0mg0n)Emn (4.42)
=
1
g00
(g00gµν − g0µg0ν)Eµν = Eαα −
1
g00
E00
it follows that the quantity
C(3)5 ≡
1
β3
∇µ(ΓµνC(3)ν ) +
|γ|
g00
(Γ0αΓ0β − Γ00Γαβ) (Eαβ − 1
2
gαβ(E
σ
σ −
1
g00
E00))(4.43)
does not contain X¨µν . This quantity is not generally covariant and depends on the
time choice, but for any such a choice the second derivatives with respect to the
corresponding time coordinate cancel each other.
Summing up the above expressions (4.29),(4.34),(4.43) for C(A)5 we obtain
0 = C5 ≡ β1C(1)5 + β2C(2)5 + β3C(3)5
= ∇µ(Γµν∇σEσν) + β1
2
Eαα + β2γ
µνEµν
+ β3
( |γ|
g00
(Γ0αΓ0β − Γ00Γαβ)
(
Eαβ − 1
2
gαβ(E
σ
σ −
1
g00
E00)
))
. (4.44)
This does not contain X¨µν and vanishes on-shell. Hence this is an additional constraint
on the initial data that reduces the number of DoF from 6 to 5. It is remarkable that
in our theory this constraint can be expressed in a simple and covariant (for β3 = 0)
form.
This constraint can also be rewritten as
C5 = Aλσαβ∇λ∇σXαβ +Bσαβ∇σXαβ + CαβXαβ (4.45)
where the coefficients Aλσαβ, Bσαβ, and Cαβ are given in Appendix B. If all these
coefficients vanish then the background is partially massless (PM) since the constraint
then generates gauge transformations and there remain only 4 dynamical DoF. The
PM backgrounds can be Einstein spaces, but it seems this is not the only possibility
[16]6.
6We have not studied the PM backgrounds in our theory. Ref.[16] presents some PM solutions
which are not Einstein spaces for the case where β3 = 0.
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As the final remark, we notice that our expression for the scalar contraint can be
applied also within in the original non-linear dRGT theory. In fact, the existence of the
scalar constraint in this theory can be shown within the Hamiltonian approach, but
this requires tedious calculations [17]. However, since the background dRGT equations
Eµν = 0 in (3.28) are linear in the second derivatives, the latter are exactly the same
as in the linearized equations Eµν = 0 expressed by (3.34). Therefore, simply replacing
in (4.44) Eµν by Eµν yields the expression not containing the second (time) derivatives
of the metric gµν ,
0 = C5 ≡ ∇µ(Γµν∇σEσν) + β1
2
Eαα + β2γ
µνEµν
+ β3
( |γ|
g00
(Γ0αΓ0β − Γ00Γαβ)
(
Eαβ − 1
2
gαβ(E
σ
σ −
1
g00
E00)
))
. (4.46)
This is the scalar constraint in the dRGT theory.
5 Two special models
Summarizing the above discussion, massive spin-2 particles in curved space can be
described by a non-symmetric tensor Xµν that fulfills equations (3.34) where the kinetic
term ∆µν and the mass termMµν are defined by (3.24) and by (3.25). The equations
imply 6 algebraic conditions (4.3) and five differential constraint (4.23) and (4.44) which
reduce the number of independent components of Xµν from 16 to 5. This matches the
number of polarisations of massive spin-2 particles.
The background geometry can be arbitrary. The mass term Mµν depends on it
via matrices γµν and Γµν algebraically related to the background metric and Rµν by
conditions (3.28) or (3.30). The dependence of Mµν on Rµν is in general non-linear,
but it becomes linear in two special cases that we call model I and model II. These
two models will be discussed in the rest of the text.
5.1 Model I
Setting in (3.28) β2 = β3 = 0 one obtains
Gµν + β0 ηµν + β1([γ] gµν − γµν) = 0, (5.1)
from where
β1γµν = Rµν −
(
R
6
+
β0
3
)
gµν ≡ γµν . (5.2)
Injecting this to (3.26) yields the mass term
Mµν = γµαXαν − gµν γαβXαβ (5.3)
with
γµν = Rµν +
(
M2 − R
6
)
gµν (5.4)
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where
M2 = −β0/3 (5.5)
plays the role of the FP mass. Notice that the dependence on β1 has gone. The field
equations are Eµν ≡ ∆µν +Mµν = 0 with ∆µν given by (3.24).
It is worth checking again the constraints. The asymmetric part, E[µν] = 0, yields
6 algebraic conditions
γµαX
α
ν = γναX
α
µ . (5.6)
Taking the divergence of Eµν and defining
Iν = Xαβ(∇αGβν −∇νγαβ) +∇µγµαXαν (5.7)
yields (see Appendix C) four vector constraints,
0 = Cν ≡ ∇µEµν = γνρ(∇σXσρ −∇ρX) + Iν . (5.8)
Multiplying this by the inverse (γ−1)ρν of γρν and taking the divergence again yields
(see Appendix C) the fifth constraint,
0 = C5 ≡ ∇ρ((γ−1)ρν∇µEµν) + 1
2
Eµµ
= −3
2
M2X − 1
2
GµνXµν +∇ρ((γ−1)ρνIν). (5.9)
5.2 Model II
Getting back to dRGT equations (3.28) for generic βA and setting β1 = β2 = 0 yields
Gµν + β0 gµν + β3 |γ|Γµν = 0, (5.10)
hence
−β3 |γ|Γµν = Gµν + β0 gµν ≡ γµν . (5.11)
Injecting this to (3.26) yields the mass term
Mµν = −X αµ γαν +Xγµν , (5.12)
where
γµν = Rµν −
(
M2 +
R
2
)
gµν (5.13)
with the FP mass
M2 = −β0. (5.14)
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Injecting (5.12) to (3.34) yields the equations. Taking again the asymmetric part of
the equations, E[µν] = 0, yields 6 algebraic conditions
X αµ γαν = X
α
ν γαµ , (5.15)
while taking the divergence of Eµν yields (see Appendix C) the vector constraints
0 = Cν ≡ ∇µEµν = γαβ(∇ν Xαβ −∇αXβν). (5.16)
Multiplying this by γρν = gραgνβγαβ (not to be confused with the the inverse (γ
−1)ρν),
taking the divergence and combining with the equations yields (see Appendix C)
0 = C5 ≡ ∇ρ(γρνCν) + 1
2g00
(γ00γαβ − γ0αγ0β)
(
Eαβ − 1
2
gαβ(E
σ
σ −
1
g00
E00)
)
. (5.17)
This does not contain X¨µν hence this is a constraint.
5.3 Action
Equations Eµν = ∆µν+Mµν = 0 withMµν given either by (5.3) (model I) or by (5.12)
(model II) can be obtained by varying the action
I =
1
2
∫
XνµEµν
√−g d4x ≡
∫
L
√−g d4x (5.18)
(notice the order of indices). One can split the Lagrangian into the kinetic term and
the potential term,
L = L(2) + L(0), (5.19)
where, after integrating by parts, the kinetic term is
L(2) = − 1
4
∇σhµν∇µhνσ + 1
8
∇αhµν∇αhµν
+
1
4
∇αh∇βhαβ − 1
8
∇αh∇αh (5.20)
with hµν = Xµν +Xνµ and h = h
α
α. The potential term in model I is
L(0) = − 1
2
XµνRσµXσν
+
1
2
(M2 − R
6
)(XµνX
νµ −X2), (5.21)
and in model II
L(0) = − 1
2
XµνRσµXσν −
1
2
XµνRσνXσµ
− 1
2
XµνXναR
α
µ +XRµνX
µν
+
1
2
(M2 +
R
2
)(XµνX
νµ −X2); (5.22)
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the order of indices being important. One can directly check that varying the action
with respect to Xµν yields the field equations,
δI =
∫
Eνµ δX
µν
√−g d4x. (5.23)
Varying with respect to the metric gives the energy-momentum tensor,
δI = −1
2
∫
Tµν δg
µν
√−g d4x. (5.24)
6 Massive spin-2 field in Einstein spaces
We shall now study the equations in models I and II for specific backgrounds. To begin
with, we show that if the background is an Einstein space, hence Rµν = Λgµν , then
the equations Eµν ≡ ∆µν +Mµν = 0 reproduce the standard description of massive
gravitons. Indeed, then in both models the tensor γµν becomes proportional to the
metric and the conditions (5.6),(5.15) yield Xµν = Xνµ. Equations reduce to
Eµν ≡ ∆µν +M2H(Xµν − [X]gµν) = 0 (6.1)
with
∆µν = ∇σ∇µXσν +∇σ∇νXσµ −2Xµν −∇µ∇ν [X]
+ gµν
(
2[X]−∇α∇βXαβ + Λ[X]
)− 2ΛXµν (6.2)
where the Higuchi mass [4] is
model I: M2H = Λ/3 +M
2; model II: M2H = Λ +M
2 . (6.3)
The operator ∆µν in (6.2) is divergence free, ∇µ∆µν = 0 (see Appendix C), and is
invariant under
Xµν → Xµν +∇µξν +∇νξµ. (6.4)
For MH = 0 this becomes the gauge symmetry of the equations which describe in this
case massless gravitons with two polarizations.
If MH 6= 0 then, taking the divergence of (6.1), yields four constraints ∇µXµν =
∇ν [X]. Using them reduces equations (6.1) to
− 2Xµν +∇µ∇ν [X]− 2RµανβXαβ + Λ[X]gµν +M2H(Xµν − [X]gµν) = 0. (6.5)
The trace of these yields (2Λ − 3M2H)[X] = 0 hence, unless for M2H = 2Λ/3, one has
[X] = 0. This is the fifth constraint reducing the number of degrees of freedom to five.
In the exceptional case where M2H = 2Λ/3 ≡M2PM the trace [X] does not vanish,
but equations (6.5) are then invariant under
Xµν → Xµν +∇µ∇νΩ + Λ
3
gµνΩ. (6.6)
Due to this gauge symmetry there remain only four degrees of freedom. This corre-
sponds to the partially massless (PM) case [4].
We conclude that our theory successfully reproduces the standard properties of
massive gravitons in Einstein spaces.
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7 Massive spin-2 field in expanding universe
Let us now assume the background metric gµν to be a solution of the Einstein equations
M2Pl Gµν = T
(m)
µν , (7.1)
where T
(m)
µν is the energy-momentum tensor of some matter source. Choosing the
geometry to be homogeneous and isotropic of the spatially flat FLRW type,
gµνdx
µdxν = −dt2 + a2(t)dx2, (7.2)
while the matter to be a perfect fluid, T
(m)µ
ν = diag[−ρ(t),p(t),p(t),p(t)], the Einstein
equations (7.1) reduce to
3H2 =
ρ
M2Pl
≡ ρ, H˙ = −ρ+ p
2M2Pl
≡ −ρ+ p
2
, (7.3)
where H = a˙/a is the Hubble parameter.
We wish to construct the general solution of Eµν ≡ ∆µν +Mµν = 0 with ∆µν
given by (3.24) and Mµν defined either by (5.3) or by (5.12) on the cosmological
background (7.2). The general solution for Xµν can be represented in this case as
Xµν(t,x) =
∑
k
Xµν(t,k)e
ikx (7.4)
where the Fourier amplitude splits into the sum of the tensor, vector, and scalar har-
monics:
Xµν(t,k) = X
(2)
µν +X
(1)
µν +X
(0)
µν . (7.5)
Since the spatial part of the background Ricci tensor is proportional to the unit matrix,
Rik ∼ δik, the algebraic constraints (5.6),(5.15) imply that Xik = Xki hence Xµν has
in this case only 13 independent components. Assuming the spatial momentum k to
be directed along the third axis, k = (0, 0, k), the harmonics can be parameterized as
X(2)µν =

0 0 0 0
0 D+ D− 0
0 D− −D+ 0
0 0 0 0
 , X(1)µν =

0 W++ W
+
− 0
W−+ 0 0 ikV+
W−− 0 0 ikV−
0 ikV+ ikV− 0
 ,
X(0)µν =

S++ 0 0 ikS
+
−
0 S−− 0 0
0 0 S−− 0
ikS−+ 0 0 S
−
− − k2S
 , (7.6)
where D±, V±, S, W±± , S
±
± are functions of time. Injecting everything to Eµν = 0, the
equations split into three independent groups – one for the tensor modes X
(2)
µν , one for
the vector modes X
(1)
µν , and one for scalar modes X
(0)
µν .
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In the tensor sector everything reduces to two separate second order equations
for D+ and D− describing the two tensor polarizations. In the vector sector the four
amplitudes W±± can be expressed by virtue of the field equations (see Appendix D) in
terms of V+ and V− which fulfill two separate second order equations describing the
two vector polarizations.
Most importantly, one finds that in the scalar sector the four S±± can be expressed
(see Appendix D) in terms of one single amplitude S that fulfills a separate second order
equation. Therefore, there is only one scalar polarization, hence there are altogether 5
DoF.
Injecting everything into the action (5.18), it splits into the sum of five terms of
the form ∫ (
K(s)Y˙
2 − U(s)Y 2
)
a3 dt; s = 0, 1, 2. (7.7)
For the tensor modes one has Y = D+ or Y = D− and
K(2) = 1, U(2) = M
2
eff +
k2
a2
. (7.8)
Here and in what follows we denote, depending on the model,
model I : M2eff = M
2 +
1
3
ρ, m2H = M
2
eff ,
model II : M2eff = M
2 − p, m2H = M2 + ρ. (7.9)
Here Meff is the effective mass of the spin-2 particles, while mH reduces to the Higuchi
mass MH in the Einstein space limit, when ρ = −p = Λ. We notice that the ef-
fective mass depends on the background matter and in model I the spin-2 particles
effectively become heavier in regions of higher background energy density ρ. A similar
phenomenon is observed in the context of the massive bigravity theory [18]. In model
II, curiously, M2eff decreases and may become negative when p grows.
For the vector modes one has Y = V+ or Y = V− and, defining  = ρ+ p,
K(1) =
k2m4H
m4H + (k
2/a2)(m2H − /2)
, U(1) = M
2
eff k
2. (7.10)
In the scalar sector one has Y = S and the kinetic term
K(0) =
3k4m4H(m
2
H − 2H2)
(m2H − 2H2)[9m4H + 6(k2/a2)(2m2H − )] + 4(k4/a4)(m2H − )
. (7.11)
The potential U(0) in the scalar sector is more complicated (see Eq.(D.3) in Appendix
D) but its asymptotic behavior is simple. One has in all sectors
M2eff ←−
k→0
U
K
−→
k→∞
c2
k2
a2
(7.12)
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where c is the sound speed. One finds for the tensors, vector and scalars, respectively,
c2(2) = 1,
c2(1) =
M2eff
m4H
(
m2H −

2
)
, (7.13)
c2(0) =
(m2H − )[m4H + (2H2 − 4M2eff − )m2H + 4H2M2eff ]
3m4H(2H
2 −m2H)
.
For the vectors and scalars one has c2 < 1 but c2 → 1 if ρ→ 0.
For the Einstein space background one has Rµν = Λgµν and ρ = −p = Λ hence
m2H = M
2
H and 2H
2 = M2PM = 2Λ/3. The above formulas then imply that if MH = 0
then K(0) = K(1) = 0, therefore the scalar and vector sectors become non-dynamical
and only the tensor modes propagate. The massless theory is recovered in this way.
If 0 < MH < MPM then K(0) < 0 (for k → ∞) and the scalar polarization becomes
a (Higuchi) ghost [4]. If MH = MPM then K(0) = 0 and the scalar polarization is
non-dynamical (the PM case).
All these features are well known for massive gravitons in Einstein spaces. How-
ever, for generic backgrounds, where ρ, p are not constant, mH and H become functions
of time, and it is not possible to have K(1) = 0 or K(0) = 0 for all time moments, what-
ever the value of the FP mass M is. Therefore, neither the massless nor PM cases
are contained in the theory for generic backgrounds – the theory always propagates
five polarizations. At most, there could be special backgrounds where spin-2 particles
become massless or PM for some values of M .
A direct inspection of Eqs.(7.10)–(7.13) shows that if ρ is small, ρ ≤ M2 (ρ ≤
M2M2Pl), then K > 0 (for k → ∞) and c2 > 0, hence the system is free of ghosts
and tachyons. The situation is more complex for large ρ. In model I the kinetic term
K(0) changes sign for ρ > 3M
2 since m2H < 2H
2 in this case, which corresponds to the
Higuchi ghost. However, c2(0) also changes sign at the same time (unless for p/ρ = −1)
so that the ghost and tachyon “compensate each other”, only changing the overall sign
of the action. In model II one always has m2H > 2H
2 and the Higuchi ghost is absent,
but since M2eff may be negative, there could be tachyons in the vector sector. However,
one finds in this case that K > 0 (always for k → ∞) and that c2 > 0 for any ρ,
provided that p/ρ < −2/5. Therefore, model II is stable during the inflationary stage,
whereas model I is stable if the graviton mass is large enough, M ≥ H. Estimating
that ρ ≈ (1016GeV)4 at the beginning of the radiation-dominated stage [19], it follows
that for M ≥ 1013 GeV one would have ρ ≤M2, and hence both models I and II would
be stable at all times after the inflation.
A much milder bound M ≥ 10−3 eV is needed to insure that both models are
stable at present, that ρ is small. Assuming that the Xµν field couples only to the
gravity and hence does not have other decay channels, it follows that it could be a
part of the Dark Matter at present. Massive spin-2 particles as the DM candidates
have actually been considered before [20–23], but only our description is consistent for
arbitrary backgrounds.
One should also say that the recent LIGO data [24] imply that the graviton mass
should be sufficiently small – less than 10−22 eV [25]. This seems to be in conflict with
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our estimate M ≥ 10−3 eV. However, the observational bound applies rather to the
mass of quanta of the background metric gµν and not to that of Xµν . As was mentioned
above, it is consistent to consider Xµν as describing massive “mesons” which may be
not directly interacting with the ordinary matter and hence not seen by the LIGO
detector. Therefore the bound does not apply to the FP mass M .
It is also worth emphasising that, since for the cosmological background there are
no ghosts and tachyons, there is no superluminality problem in this case [26].
8 Backreaction of massive spin-2 field
Apart from cosmology, the theory of massive spin-2 field in curved space can have
other applications. For example, it can be used for the holographic description of
superconductors [27] or electron-phonon interactions [28]. Up to now all applications
have always been restricted to the Einstein spaces, but in our theory this is no longer
necessary.
We have always assumed the background geometry to be fixed – for example
determined by Einstein equations with some matter source. At the same time, the
massive spin-2 field can itself be the matter source affecting the background. To
calculate its backreaction, one adds the Einstein-Hilbert term to the action (5.18) to
obtain
I =
1
2
∫ (
M2Pl R +X
νµEµν
)√−g d4x. (8.1)
Varying this with respect to the metric and Xµν yields the Einstein equations and the
equations for Xµν to be solved together,
M2Pl Gµν = Tµν , Eµν = 0, (8.2)
where the energy-momentum tensor Tµν is shown in Appendix E. One should stress
that, irrespectively of whether it backreacts or not, the Xµν field always propagates
only 5 DoF.
As the simplest application, we solved equations (8.2) in the homogeneous and
isotropic sector, with Xµν = X
(0)
µν given by (7.6) for k = 0. The goal was to see if
the cosmology could be driven by the massive spin-2 field alone, as happens in the
massive gravity models [29]. However, our result was somewhat discouraging – we
found a solution only in model II and only for M2 < 0: this is the de Sitter space with
Λ = −3M2 > 0. For this to be possible, one should assume M2 to be negative, but
such a theory would be very unstable since, for example, K and c2 in (7.10)–(7.13)
would then be negative too. We therefore conclude that the theory (8.1) cannot mimic
a positive Λ-term.
One can also study other solutions of equations (8.2), as for example black holes.
Interesting applications could be found in connection with the phenomenon of super-
radiance of massive fields in the vicinity of spinning black holes [30, 31] (see [32] for
a recent review). The superradiance can lead to a spontaneous formation of massive
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clouds evolving towards stationary hairy black holes [33]. Such a “spontaneous boson-
isation” was actually predicted long ago [34], but only very recently the phenomenon
has been confirmed by numerical calculations [35]. For a spin-0 field the superradiance
rate is not very high, but it increases with spin [30, 31], which is why a gravitating
complex spin-1 field was considered in [35]. For a massive spin-2 field the superradiance
should be faster still and one could expect hairy black holes to form spontaneously.
This suggests considering an extension of the theory (8.1) in which the field Xµν
is complex-valued,
I =
1
2
∫ (
M2Pl R + X¯
νµEµν +X
νµE¯µν
)√−g d4x. (8.3)
Here the bar denotes complex conjugation and Eµν ≡ ∆µν +Mµν is expressed in terms
of Xµν by the same formulas as before. We expect this theory to admit stationary
axially-symmetric black hole solutions supporting non-trivial massive hair of the form
Xµν = e
iωt+imϕ Xµν(r, ϑ), so that there is a time-dependent spinning phase but the
field amplitude is stationary. Such fields with spinning phases are sometimes called
massive clouds. Stationary black holes with scalar [33] or vector [36] clouds have been
constructed explicitly. This suggests that the theory (8.3) could admit stationary black
holes supporting tensor spin-2 massive clouds. One may expect such tensor clouds to
form spontaneously due to the superradiance of massive spin-2 particles. This process
could probably be simulated following the approach of [35].
9 Summary
We have constructed the exceptional theory of a free massive spin-2 field in curved
space. It is exceptional because it propagates 5 DoF for an arbitrary background
geometry, whereas almost all other known theories of this type propagate 5 DoF plus
an additional ghostly polarization. Only one other theory is exceptional in the same
sense – it was recently constructed in [6–8]. That theory and our theory are probably
equivalent since they are constructed in a similar way, but the equivalence is not
manifest since the parameterizations of the two theories are quite different.
Our theory is described by a non-symmetric tensor Xµν that fulfills equations
∆µν +Mµν = 0 where the kinetic term ∆µν and the mass term Mµν are defined by
(3.24) and (3.25). These equations imply 6 algebraic background-dependent condi-
tions (4.3) and five differential constraint (4.23) and (4.44) which together reduce the
number of independent components of Xµν from 16 to 5. This matches the number of
polarisations of massive spin-2 particles.
We emphasise once again that the property to propagate 5 (or less) DoF holds
in our theory for any background geometry, whereas in the other known models this
property holds only in Einstein spaces.
The mass termMµν in our theory depends on four parameters β0, β1, β2, β3 and on
the background geometry via matrices γµν , Γµν algebraically related to the background
by conditions (3.28) or (3.30). Resolving the latter with respect to γµν , Γµν yields in
general several solution branches and hence several different mass terms Mµν . In all
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cases Mµν is a linear combination of the background metric and of powers of the
background Ricci tensor, as shown by Eq.(3.33).
Different choices of the mass term correspond to different theories. All these
theories propagate 5 DoF but their other properties are not necessarily the same. For
two special theories, that we call models I and II, the mass term is a linear function of
the background Ricci tensor (Eqs.(5.3),(5.12)). The only free parameter left in this case
is the FP mass M . Within these two models, we constructed the general solution for
Xµν on a homogeneous and isotropic cosmological background and found this solution
to be stable. Therefore, massive spin-2 particles could potentially contribute to the
Dark Matter.
Summarizing, we presented the exceptional theory of a massive spin-2 field in
curved space parameterized in an unusual way – in terms of a non-symmetric rank-2
tensor. Our main goal was to show that the theory is self-consistent and that the num-
ber of independent DoF is indeed 5. We have shown this by counting the constraints
and also by counting the independent modes in the general solution.
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A Solution for γµν
Here we illustrate how the background equations (3.30) are solved in the simple case
where β3 = 0. For β3 6= 0 the procedure is similar but the formulas are more compli-
cated. Introducing matrices γˆ = γµν and Rˆ = R
µ
ν we denote by ek ≡ ek(Rˆ) the scalar
invariants defined by (3.11). Equations (3.30) with β3 = 0 can be written as
Rˆ− 1
2
e1 + β0 + β1
(
[γˆ]− γˆ
)
+ β2
(
γˆ2 − [γˆ]γˆ + 1
2
([γˆ]2 − [γˆ2]
)
= 0. (A.1)
Viewed as algebraic equations for γˆ, their solution has to be of the form
γˆ = y0 + y1 Rˆ + y2 Rˆ
2 + y3 Rˆ
3 (A.2)
so that [γˆ] = 4y0 + y1 [Rˆ] + y2 [Rˆ
2] + y3 [Rˆ
3] where
[Rˆ] = e1, [Rˆ
2] = e21 − 2e2, [Rˆ3] = e31 − 3e1e2 + 3e3 . (A.3)
The next step is to eliminate the higher powers of Rˆ from γˆ2 = (y0+y1 Rˆ+y2 Rˆ
2+y3 Rˆ
3)2
by using the Hamilton-Cayley relation
Rˆ4 = e1Rˆ
3 − e2Rˆ2 + e3Rˆ− e4. (A.4)
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This yields γˆ2 = A0 + A1Rˆ + A2Rˆ
2 + A3Rˆ
3 with
A0 = −y23e21e4 − 2y2y3e1e4 + y23e2e4 − 2y1y3e4 − y22e4 + y20 ,
A1 = y
2
3e3e
2
1 + (2y2y3e3 − y23e4)e1 − y23e2e3 + (2y1y3 + y22)e3 − 2y2y3e4 + 2y0y1 ,
A2 = (y
2
3e3 − 2y2y3e2)e1 − y23e21e2 + y23e22 − (2y1y3 + y22)e2
+2y2y3e3 − y23e4 + 2y0y2 + y21 , (A.5)
A3 = y
2
3e
3
1 + 2y2y3e
2
1 − 2y23e1e2 + (y22 + 2y1y3)e1 − 2y2y3e2 + y23e3 + 2y0y3 + 2y1y2 ,
while [γˆ2] = 4A0 + A1[Rˆ] + A2[Rˆ
2] + A3[Rˆ
3]. One can similarly express γˆ3, but for
β3 = 0 this is not necessary.
Inserting γˆ, γˆ2, [γˆ], [γˆ2] to (A.1) and setting to zero the coefficients in front of the
matrices 1ˆ = Rˆ0, Rˆ, Rˆ2, Rˆ3 yields four algebraic relations(
2y1y2 − 2y0y3 + e1 (y1y3 − y22) + e21 y2y3 + (e1e2 − 2e3)y23
)
β2 − β1y3 = 0,(
y21 − e1 y1y2 − 2e2 y1y3 + (e2 − e21)y22 + (e1e2 − e3 − e31)y2y3 − 2y0y2
+(e22 + e1e3 − e2e21 − e4)y23
)
β2 − β1y2 = 0,(
(2e2 − e21)y1y2 − e1y21 + (3e1e2 − e31 − e3)y1y3 − 2y0y1
+e3y
2
2 + 2(e1e3 − e4)y2y3 + (e21e3 − e1e4 − e2e3)y23
)
β2 − β1y1 + 1 = 0,(
3y20 + 2e1y0y1 + 2(e
2
1 − 2e2)y0y2 + 2(e31 − 3e1e2 + 3e3)y0y3 + e2y21
+(e1e2 − 3e3)y1y2 + (e21e2 − e1e3 − 2e22 + 2e4)y1y3 + (e4 + e22 − 2e1e3)y22
+(e1e
2
2 − 2e21e3 + 3e1e4 − e2e3)y2y3
+(3e23 − 2e2e4 + e32 − 3e1e2e3 + 2e21e4)y23
)
β2
+
(
(3e3 − 3e1e2 + e31)y3 + (e21 − 2e2)y2 + e1y1 + 3y0
)
β1 + β0 − 1
2
e1 = 0.
(A.6)
These determine the four coefficients y0, y1, y2, y3 in the solution (A.2).
B Scalar constraint
Here is the off-shell value of the scalar constraint defined by Eq.(4.44),
C5 = Aλσαβ∇λ∇σXαβ +Bσαβ∇σXαβ + CαβXαβ , (B.1)
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where the coefficients are
Aλσαβ = β3|γ|Σλσαβ + β3 |γ|
g00
Σ00µν
[1
2
gµν
(
gσλgαβ − gαλgβσ)
+
gµν
2 g00
(
gλβg0σg0α − gσλg0αg0β + gαλg0σg0β − gαβg0σg0λ)
+gαλδσ(µδ
β
ν) + g
βλδσ(µδ
α
ν) − gσλδα(µδβν) − gαβδλ(µδσν)
]
,
Bσαβ = β1
[
Γσλ(∇αγβλ −∇λγαβ) + Γσβ(∇λγαλ −∇α[γ])
]
+ β2
[
gαβ(∇λγλσ −∇σ[γ])− gασ(∇λγλβ −∇β[γ])
+∇σγαβ −∇βγασ + Γσν(∇µHαβµν −∇α{Qβν − 12[Q]δβν })]
+ β3
[∇λ(|γ|Σλσαβ)− gαβΓσλ∇ρ(|γ|Γρλ)],
Cαβ = β1
[
Rαβ +∇σ
{
Γσλ(∇αγβλ −∇λγαβ) + Γσβ(∇λγαλ −∇α[γ])
}]
+ β2
[
[γ]Rαβ − 2Rαλγβλ −Rβλγαλ +Rβλασγλσ
+∇λ
(
Γλν
{∇µHαβµν −∇α(Qβν − 12[Q]δβν )})]
+ β3
[
− gαβ∇λ{Γλσ∇ρ(|γ|Γρσ)}
+ |γ|Σ
00µν
g00
(1
2
gµν{Rαβ − 2
g00
g0βRα0} − 2Rα(µδβν)
)]
− 3
2
β21γ
αβ + 2 β1β2Q
αβ
+ β1β3 |γ|
[1
2
(Γαβ − gαβ[Γ]) + Σ
00µν
g00
(
γαµδ
β
ν +
gµν
2 g00
γα0gβ0
)]
+ 2 β22 |γ|
[
Γαβ − gαβ[Γ]
]
+ β2β3|γ|
[
− 3 gαβ + Σ
00µν
g00
(
Hαβµν +
gµν
2 g00
H00αβ − gµνQαβ
)]
+ β23 |γ|2
Σ00µν
g00
[
δαµΓ
β
ν − gαβΓµν +
1
2
gµνΓσλ(g
αβhλσ − gβσhαλ)
]
. (B.2)
Here, as usual, [M ] denotes the trace, the tensors Qβα and H
αβ
µν are defined in (4.15)
and (4.17), and we have introduced
hµν = gµν − 1
g00
g0µg0ν , Σµναβ = ΓµβΓνα − ΓµνΓαβ. (B.3)
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C Constraints in models I and II
Here we show the derivation of the constraints in models I and II expressed by Eqs.(5.8),
(5.9), (5.16), (5.17) in the main text. Using
(∇µ∇ν −∇ν∇µ)Xαβ = RσβνµXασ −RασνµXσβ ,
a direct calculation yields the following result for the divergence of ∆µν defined by
Eq.(3.24) in the main text:
∇µ∆µν = γνβ(∇αXαβ −∇βX)
+ γαβ(∇νXαβ −∇αXβν)
+ Xαβ∇αGβν (C.1)
with
γµν ≡ Rµν + φ gµν , (C.2)
where φ can be set to any value because the part of γµν proportional to gµν cancels in
(C.1). In particular, one can adjust φ such that the tensor γµν will correspond either
to that given by Eq.(5.4) in model I or to that expressed by (5.13) in model II. If
Rµν = Λgµν then γµν ∼ gµν and (4.8) yields ∇µ∆µν = 0.
The divergence of Mµν = γµαXαν − gµν γαβXαβ in model I (see Eq.5.3) is
∇µMµν = γαβ(∇αXβ ν −∇νXαβ)
+Xαν∇µγµα −Xαβ∇νγαβ . (C.3)
Adding this up with (C.1), the second line on the right in (C.1) cancels against the
first line in (C.3), yielding
Cν ≡ ∇µEµν ≡ ∇µ(∆µν +Mµν)
= γνβ(∇αXαβ −∇βX) +Xαβ(∇αGβν −∇νγαβ) +Xαν∇µγµα , (C.4)
which reproduces Eq.(5.8) in the main text. Multiplying this by the inverse of (γ−1)ρν ,
acting with ∇ρ and combining with the trace Eµµ reproduces Eq.(5.9) in the main text.
The divergence of Mµν = −X αµ γαν +Xγµν in model II is
∇µMµν = γνβ(∇βX −∇αXαβ)
+X∇µγµν −Xαβ∇αγβν , (C.5)
where γµν = Gµν −M2gµν . Adding this up with (C.1), the first and third lines on the
right in (C.1) cancel against (C.5), hence
Cν ≡ ∇µ(∆µν +Mµν) = γαβ(∇νXαβ −∇αXβν), (C.6)
which reproduces Eq.(5.16) in the main text. Multiplying this by γρν yields
γρνCν = γρνγαβ(∇νXαβ −∇αXβν) = (γρνγαβ − γρβγνα)∇νXαβ . (C.7)
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Acting on this with ∇ρ one obtains
∇ρ(γρνCν) = (γρνγαβ − γρβγνα)∇ρ∇νXαβ +∇ρ(γρνγαβ − γρβγνα)∇νXαβ
= (γ00γαβ − γ0βγ0α)X¨αβ + . . . (C.8)
= (γ00γik − γ0iγ0k)X¨ik + . . .
where the dots denote terms not containing second time derivatives of Xαβ. One can
now repeat the general arguments given between Eq.(4.38) and Eq.(4.43) in the main
text to obtain
X¨(ik) =
1
g00
(
1
2
gik h
nmEnm − Eik
)
+ . . . (C.9)
with hnm = gnm−g0ng0m/g00 and to conclude that the second time derivatives in (C.8)
are exactly the same as in
1
g00
(γ00γαβ − γ0αγ0β)
(
1
2
gαβ
(
Eαα −
1
g00
E00
)
− Eαβ
)
. (C.10)
Therefore, the difference of (C.8) abd (C.10) does not contain second time derivatives,
which yields Eq.(5.17) in the main text.
D Solution in the expanding universe
Inserting the cosmological metric (7.2) and the harmonic decomposition (7.4)–(7.6) for
Xµν to the equations Eµν ≡ ∆µν +Mµν with ∆µν given by (3.24) and Mµν defined
either by (5.3) or by (5.12), the equations split into three independent sectors.
The tensor sector contains only two amplitudes D+ and D− whose equations can
be obtained by varying the effective action (7.7) in the main text.
The vector sector contains 6 amplitudes, 4 of which, W±± , can be expressed by
virtue of the field equations in terms of two independent V+ and V− as
W+± =
P2m2H V˙±
m4H + P
2(m2H − /2)
, W−± =
P2 [m2H − ] V˙±
m4H + P
2(m2H − /2)
. (D.1)
Here mH is defined in Eq.(7.9) in the main text,  = ρ+ p, and P = k/a is the physical
momentum. The equations for V± reduce to those obtained by varying the effective
action (7.7) in the main text.
Finally, the field equations imply that the four scalar amplitudes S±± in (7.6) can
be expressed in terms of one single S by the following relations:
S−+ =
m2H − 
m2H
S+− ,
S+− =
2
m2H
(
S˙−− + a
2HS++
)
, (D.2)
S++ = −
1
Ha2
S˙−− +
2Hm4HP
2 S˙ +m6HP
2 S−m4H(2P2 + 3m2H)S−−/a2
2H2[3m4H + 2P
2(2m2H − )]
,
S−− = a
2P2
{2P2[(m2H − 2H2)(2m2H − )−m4H] + 3m4H(m2H − 2H2)} S− 4Hm2HP2 S˙
4P4(m2H − ) + 6P2(2m2H − )(m2H − 2H2) + 9m4H(m2H − 2H2)
.
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It is crucial that all four S±± are expressed in terms of one single S that fulfills the
master equation obtainable by varying the effective action (7.7) in the main text. This
shows that there is only one dynamical DoF in the scalar sector. Therefore, together
with the tensor and vector modes, the theory propagates 5 DoF.
The kinetic term K(0) for the scalars is given by Eq.(7.11) while the potential
term is
U(0) =
b0 + b2P
2 + b4P
4 + b6P
6
C (c0 + c2P2 + c4P4)
K(0) (D.3)
where
C = 3m4H(m
2
H − 2H2), c0 = 9m4H(m2H − 2H2),
c2 = 6(m
2
H − 2H2)(2m2H − ), c2 = 4(m2H − ), (D.4)
and
b0 = 27m
8
HM
2
eff(m
2
H − 2H2)2, (D.5)
b2 = 9m
4
H(m
2
H − 2H2)2[4M2eff(2m2H − )−m4H],
b4 = 6m
4
H
[
8m6H − (20H2 + 9)m4H
+ (8H4 + 20H2+ 2Hp˙+ 2)m2H − 4H2(Hp˙+ 2)
]
+ 12(M2eff −m2H)
[
5m8H − 6(2H2 + )m6H
+ (8H4 + 14H2+ 2)m4H
− 4H2(2H2 + )m2H + 4H42
]
,
b6 = 4(m
2
H − )2[4M2eff(m2H −H2) +m2H(− 2H2 −m2H)].
Notice that these expressions contain p˙ and hence the third derivative of the background
scale factor a(t). The ratio c2 = b6/(Cc4) is the sound speed expressed by Eq.(7.13) in
the main text.
E Energy-momentum tensor of massive spin-2 field
Varying the action (5.18) with respect to the spacetime metric,
δI = −1
2
∫
Tµν δg
µν
√−g d4x, (E.1)
determines the energy-momentum tensor. It has a somewhat complicated structure,
partly due to the non-minimal terms like XµνRσνXσµ in the action. A straightforward
– 32 –
(but lengthy) calculation yields in model I
Tµν = ∇λhαβ∇σhρτA λαβσρτµν + hαβ∇λ∇σhρτB λαβσρτµν +RαβXαµXβν
+ 2Rα(µX
β
ν) X
α
β −
1
2
gµνRαβX
αλXβλ +
1
2
2(XµλX
λ
ν )
+
1
2
gµν∇α∇β(XαλXβλ)−∇α∇(µ(Xν)βXαβ) +
1
6
[
Rµν(X
αβXβα − [X]2)
− ∇(µ∇ν)(XαβXβα − [X]2) + gµν2(XαβXβα − [X]2)
]
(E.2)
− 2
(
M2 − R
6
)
[gλσX
λ
(µ X
σ
ν) − [X]X(µν) −
1
4
gµν(X
αβXβα − [X]2)],
and in model II
Tµν = ∇λhαβ∇σhρτA λαβσρτµν + hαβ∇λ∇σhρτB λαβσρτµν +Rαβhα(µXβν)
+RαβX
α
(µ X
β
ν) +Rβ(µhν)αX
αβ +Rβ(µXν)αh
αβ
+Rβ(µ(Xαν)X
βα +Xνα)X
αβ)− 1
2
gµνRαβX
αλX βλ
−1
2
gµνRαβX
αλhβλ + gµνRαβX
αβ[X]− 2Rλ(µh λν) [X]−RαβXαβhµν
+
1
2
2[X(µλh
λ
ν) +Xλ(µX
λ
ν) − [X]hµν ]
+
1
2
gµν∇α∇β[Xαλhβλ +XλαXβλ − 2[X]Xαβ] (E.3)
−1
2
∇α∇(µ[Xν)βhαβ +Xβν)Xαβ +Xν)βXβα]− 1
2
∇α∇(µ[hν)βXαβ − 2[X]hαν)]
−2 (M2 + R
2
)[gλσX
λ
(µ X
σ
ν) − [X]X(µν) −
1
4
gµν(X
αβXβα − [X]2)]
−1
2
[Rµν(X
αβXβα − [X]2)−∇(µ∇ν)(XαβXβα − [X]2) + gµν2(XαβXβα − [X]2)].
Here hµν = Xµν +Xνµ and [X] = X
α
α while
A λαβσρτµν = δλ(µδρν)gατgβσ −
1
2
δλ(µδ
ρ
ν)g
αβgστ +
1
2
δαµδ
β
ν g
λρgστ − 1
2
δρµδ
α
ν g
λτgσβ
−1
2
δρµδ
α
ν g
λσgτβ +
1
4
δρµδ
τ
νg
αβgλσ − 1
4
δλµδ
σ
ν g
αρgβτ +
1
4
δλµδ
σ
ν g
αβgρτ
−1
4
gµν [g
λτgαρgβσ +
1
2
gαβgρτgλσ − 1
2
gαρgβτgλσ],
B λαβσρρµν = −δα(µδρν)gβσgλτ +
1
2
δα(µδ
σ
ν)g
βλgρτ +
1
2
δαµδ
β
ν g
λτgσρ
+
1
2
δρµδ
τ
νg
αλgβσ − 1
4
δαµδ
β
ν g
λσgρτ − 1
4
gµνg
αλgβσgρτ . (E.4)
The invariance of the action under the spacetime diffeomorphisms implies that the
following relation should hold identically (off-shell):
Eαβ(∇νXαβ −∇βXνα −∇αXβν)−Xνα∇βEαβ −Xβν∇αEαβ −∇µTµν = 0, (E.5)
– 33 –
where Eµν ≡ ∆µν +Mµν . To verify our calculations, we checked that this relation is
indeed fulfilled for the Tµν given by the above formulas.
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